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UNIFORM STABILIZATION FOR THE KLEIN-GORDON SYSTEM IN AN
INHOMOGENEOUS MEDIUM WITH LOCALLY DISTRIBUTED KELVIN-VOIGT DAMPING
M. M. CAVALCANTI, L. G. DELATORRE, V. H. GONZALEZ MARTINEZ, D. C. SOARES AND J. P. ZANCHETTA
ABSTRACT. We consider the Klein-Gordon system posed in an inhomogeneous medium Ω with smooth
boundary ∂Ω subject to a local viscoelastic damping distributed around a neighborhood ω of the boundary
according to the Geometric Control Condition. We show that the energy of the system goes uniformly and
exponentially to zero for all initial data of finite energy taken in bounded sets of finite energy phase-space. For
this purpose, refined microlocal analysis arguments are considered by exploiting ideas due to Burq and Ge´rard
[4]. By using sharp Lp−Lq-Carleman estimates we prove a unique continuation property for coupled systems.
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1. INTRODUCTION
1.1. Description of the Problem. This article addresses the exponential stability of a semilinear wave
equation system posed in an inhomogeneous medium and subject to a Kelvin-Voigt damping locally dis-
tributed
(1.1)


ρ(x)utt − div(K(x)∇u) + v2u− div(a(x)∇ut) = 0 in Ω× (0, T ),
ρ(x)vtt − div(K(x)∇v) + u2v − div(b(x)∇vt) = 0 in Ω× (0, T ),
u = v = 0 on ∂Ω× (0, T ),
u(x, 0) = u0(x), ut(x, 0) = u1(x) in Ω,
v(x, 0) = v0(x), vt(x, 0) = v1(x) in Ω,
where Ω ⊂ Rd, d ≤ 3, is a bounded domain with a sufficiently smooth boundary Γ = ∂Ω, ρ : Ω → R+,
kij : Ω→ R, 1 ≤ i, j ≤ d are C∞(Ω) functions such that for all x ∈ Ω and ξ ∈ Rd,
α0 ≤ ρ(x) ≤ β0, kij(x) = kji(x), α|ξ|2 ≤ ξ⊤ ·K(x) · ξ ≤ β|ξ|2,(1.2)
where α0, β0, α, β are positive constants and K(x) = (kij)i,j is a symmetric positive-definite matrix. We
denote by ω, with smooth boundary ∂ω, the intersection of Ω with a neighborhood of ∂Ω in Rd.
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Assumption 1.1. The non-negative functions a(·) and b(·), responsible for the localized dissipative effect,
satisfies the following conditions:
(1.3) a(·), b(·) ∈ L∞(Ω) ∩ C0(ω) with a(x) ≥ a0 > 0 in ω ⊂ Ω and b(x) ≥ b0 > 0 in ω ⊂ Ω.
Let us assume that the following assumptions are also made:
Assumption 1.2. ω geometrically controls Ω, i.e there exists T0 > 0, such that every geodesic of the metric
G(x), where G(x) =
(
K(x)
ρ(x)
)−1
travelling with speed 1 and issued at t = 0, intercepts ω in a time t < T0.
Assumption 1.3. For every T > 0, the only solution u, v ∈ C(]0, T [;L2(Ω)) ∩ C(]0, T [,H−1(Ω)) to the
system
(1.4)


ρ(x)utt − div(K(x)∇u) + V1(x, t)u = V3(x, t)v in Ω× (0, T ),
ρ(x)vtt − div[K(x)∇v] + V2(x, t)v = V3(x, t)u in Ω× (0, T ),
u = v = 0 on ω,
where V1(x, t), V2(x, t) and V3(x, t) are elements of L
∞(]0, T [, L
d+1
2 (Ω)), is the trivial one u = v = 0.
Assumption 1.2 is the so called Geometric Control Condition (G.C.C.). It is well-known that it is nec-
essary and sufficient for stabilization and control of the linear wave equation, see [2], [3], [5], [6], [10],
[27] and the references therein. In this direction, it is worth mentioning the work due to Betelu´, Gulliver
and Littman [17] whom have discussed the question of closed geodesics in the interior of a region Ω. Such
closed geodesics make control impossible since they are bicharacteristics that never reach the controlled
boundary. In this paper, they show that, in the two-dimensional case, the lack of closed geodesics in the in-
terior is also sufficient for control. For this reason and since in the present paper we do not have any control
of the geodesics because of the inhomogeneous medium we are forced to consider ω a neighbourhood of
the whole boundary ∂Ω and to give conditions on the metric G = (K/ρ)−1 in order every geodesic of the
metric G enters the set ω in a time t < T0.
Remark 1. It is important to observe that Assumption 1.2 is not obviously fulfilled for every matrix G =
(K/ρ)−1. For instance, the equator in the unit sphere S2 is a periodic geodesic and we can consider Ω ⊂ S2
that contains the equator as a domain in R2 endowed with a Riemannian metric G. We shall give in the
appendix of this manuscript examples where this situation occurs. An easy one happens whenG(x) = Id. In
this case the geodesics are straight lines and necessarily they will meet the region ω. We emphasize that the
example presented in the appendix, that satisfies Assumption 1.2, is valid not only for Kelvin-Voigt damping
but also for frictional damping.
Remark 2. In the next section we apply the Carleman estimates due to Dos Santos Ferreira [11] and Koch
and Tataru [19] to show certain situations where the unique continuation property given in the Assumption
1.3 holds. Although the result has been proved for a single equation, a new proof is required with respect
to coupled systems of wave equations, which, to our surprise, has not been done so far (at least at the
level of the above-mentioned articles). The present work seems to be the pioneer in proving a unique
continuation property for coupled systems by using sharp Lp−Lq-Carleman estimates. In this direction the
authors would like to thank Daniel Tataru for fruitful discussions regarding this issue. However, it is worth
mentioning the most recent paper regarding this issue due to Tebou [31]. The author considers a system
of two coupled nonconservative wave equations. For this system, he proves several observability estimates.
Those observability estimates are sharp in the sense that they lead by duality to the controllability (exact
or approximate) of the coupled system with a single control acting through one of the equations only while
keeping the same controllability time as for a single equation. Unfortunately the aforementioned result
seems not be applicable in the present paper.
1.2. Main Goal, Methodology and Previous Results. The main objective of the present manuscript is to
prove the existence and uniqueness for weak solutions to problem (1.1) and, in addition, that those solutions
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decay exponentially and uniformly to zero, that is, setting
Eu,v(t) =
1
2
∫
Ω
ρ(x)|ut(x, t)|2 + ρ(x)|vt(x, t)|2 +∇u(x, t)⊤ ·K(x) · ∇u(x, t) dx
+
1
2
∫
Ω
∇v(x, t)⊤ ·K(x) · ∇v(x, t) + (uv)2(x, t) dx,(1.5)
there exist positive constants C, γ, such that
Eu(t) ≤ Ce−γ tEu(0), for all t ≥ T0,(1.6)
for all weak solutions to problem (1.1) provided that the initial data {u0, v0, u1, v1} are taken in bounded
sets ofH10 (Ω)×H10 (Ω)×L2(Ω)×L2(Ω). This result is a local stabilization result. Indeed, the constants C
and γ are uniform on every ball inH10 (Ω)×H10 (Ω)×L2(Ω)×L2(Ω) with radius R > 0 of the energy space
but the result does not guarantee that the decay rate is global one, i.e. whether (1.6) holds with constants
C, γ which are independent of the initial data.
Inspired in Dehman, Ge´rard, Lebeau, [9] or Dehman, G. Lebeau and Zuazua [10] we give a direct proof
of the inverse inequality to problem (1.1), namely, we prove that given T > 0 there exists a constant positive
C = C(T ) such that
Eu,v(0) ≤ C
∫ T
0
∫
Ω
a(x)|∇ut(x, t)|2 + b(x)|∇vt(x, t)|2 dxdt,(1.7)
provided the initial data are taken in bounded sets of H10 (Ω)× L2(Ω).
To prove (1.7) and therefore the stability resut, we argue by contradiction and we find a sequence of
{wn, zn} of weak solutions to problem (1.1) such that Ewn,zn(0) = 1. In order to obtain a contradiction we
need to prove that Ewn,zn(0)→ 0 as n→ +∞. We shall prove, by exploiting the properties ofK(x), a(x),
b(x) and a unique continuation principle, that∫ T
0
∫
ω
|wnt |2 dxdt→ 0 and
∫ T
0
∫
ω
|znt |2 dxdt→ 0(1.8)
when n goes to infinity.
Our wish is to propagate the convergence (1.8) from ω × (0, T ) to the whole set Ω× (0, T ). In order to
do this, we are able to successfully use the microlocal analysis. Indeed we consider the microlocal defect
measure µ, in short m.d.m., firstly introduced by Ge´rard [16] associated to the solution of the linear wave
equation. We note that once one has
(1.9)
ρ(x)∂2t w
n
t − div(K(x)∇wnt )→ 0 in H−1loc (Ω× (0, T )),
ρ(x)∂2t z
n
t − div(K(x)∇znt )→ 0 in H−1loc (Ω× (0, T )),
so, using properties associated to µ we are able to prove that µ propagates along the bicharacteristic flow of
the wave operator ρ(x)∂2tt−div(K(x)∇(·)) proving the desired convergence. It is important to observe that,
in the present article, in order to avoid certain technicalities that may arise when considering the propagation
up to the boundary, we consider ω, the region where the damping is effective, as a neighborhood of the
boundary and satisfying the GCC. Under these conditions, we can use the propagation results found in [4].
This will be clarified in section 3 and in the appendix of the present manuscript.
The stability of the single wave equation subject to a Kelvin-Voigt damping
ρ(x)utt − div(K(x)∇u)− div(a(x)∇ut) = 0, (0, L)× (0,∞),
becomes susceptible to the continuity of the materials, in the sense that, it has already been proved for the
one dimensional case by Liu and Liu in [21] that if the damping coefficient a is discontinuous across the
interface of the materials, the energy does not decay uniformly. Obviously, the same occurs for coupled
one-dimensional wave systems subject two dampings of Kelvin-Voigt type. In a higher dimensional setting,
even with a more regular damping coefficient and considering a smooth initial data, as explained by Liu
and Rao [22], there is a loss of regularity of the solutions, which makes it more difficult to use the usual
multiplier methods. Hence, the multiplier method needs to be combined with other techniques in order to
overcome these difficulties. The method then leads the authors to impose several technical conditions on
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the damping coefficient. In the work of Tebou in [32], such conditions on the damping coefficient as well
as the conditions on the feedback control region are relaxed. However, the author still requires an inequality
constraint on the gradient of the damping coefficient, which will not be required in our current study.
There are two main difficulties regarding problem (1.1). Since we are dealing with localized Kelvin-Voigt
type dampings, in a neighborhood of the boundary, since the operators defining the dampings are unbounded.
Moreover, it is worth mentioning that the presence of the coefficients in the wave operators, as considered
in the present paper, makes the analysis much more refined in terms of the rays of the geometrical optics.
We also have that the dampings are effective only on the set where a(x) > 0 and b(x) > 0, we have an
interaction between an elastic material (portion ofΩwhere a = b ≡ 0) and a viscoelastic material (portion of
Ωwhen a > 0 and b > 0). By virtue of the nature of the damping there is a loss of regularity of the solutions,
which makes it more difficult to use the standard multiplier methods. Hence, the multiplier method needs
to be combined with other techniques in order to overcome these difficulties. The great advantage of using
refined microlocal analysis arguments is that we can use the geodesic flow in our favor, and for this we need
to consider n ≥ 2, in order to direct the geodesics so that they touch the boundary of Ω. This is only possible
for certain special cases involving the metric G = (K/ρ)−1. This methodology allows us not only to prove
the exponential stability of linear problems but also semi-linear problems, which remained an open question
until now. The main ingredients in the proof are: (i) a new unique continuation principle for systems, (ii)
the propagation of the microlocal defect measure by the geodesic flow as previously mentioned. This is the
main contribution of the present article.
The model proposed in this article is inspired by an equation introduced by Segal in [29], given by
(1.10)
{
utt −∆u+m21u+ gv2u = 0 in Ω× (0, T ),
vtt −∆v +m22v + hu2v = 0 in Ω× (0, T ),
which describes the interaction of scalar fields u, v of massm1,m2, respectively, with interaction constants
g and h. This system defines the motion of charged mesons in an electromagnetic field. As the interest of
this paper is to make the mathematical analysis, there is no loss of generality if we consider only the case in
whichm1 = m2 = 0 and g = h = 1.
The problem (1.1), when m1 = m2 = 0, and g = h = 1 with Dirichlet boundary condition on ∂Ω,
was studied by Medeiros and Menzala [23]. In this paper, the authors proved the existence and uniqueness
of global weak solutions, using Galerkin method, provided that d ≤ 3. Further generalizations are also
given in [24] and [25] by using Galerkin methods, where the authors consider nonlinearities of the form
|v|ρ+2|u|ρu, |u|ρ+2|v|ρv and some hypotheses about the coefficient ρ, which are related to the dimension d
of the space. Related to global existence and uniqueness of solutions we also have the article [1], where the
authors prove the existence of solutions to a Klein-Gordon system with memory and nonlinearities similar
to those considered in [24] and [25]. Another generalization for this system can be founded in [8], where
the authors consider a k × k system os Klein-Gordon equations with acoustic boundary conditions.
In [12] Ferreira deduce decay results for the solutions of the system of nonlinear Klein-Gordon equations
in R3, more precisely, if the inital datas are taken in C∞0 (R
3) then, every solution of the system decays
uniformly in x at the rate O(t− 32 ) as |t| → ∞, and is asymptotic to a free solution at t =∞ or t = −∞. To
get these results, they use techniques developed by Morawetz and Strauss.
We also would like to quote the papers [13] and [14]. In these papers, the exponential stability for
the system (1.10) is established, under the assumption of two frictional damping terms a(x)ut and b(x)vt
instead of Kelvin-Voigt dampings, as considered in the present article, where the proof also works for any
combination of dampings of frictional or Kelvin-Voigt’s type. In addition, in [13] and [14] the problem is
considered in a homogeneous medium which is easier to be analysed since the bicharacteristics are straight
lines. We also note that in [13] and [14] the author mentions the pioneering work of Ruiz [28], which ensures
the unique continuation property for a single equation with potential V (t, x) ∈ L∞(]0, T [, Ln(Ω)) and the
Euclidean metric G(x) = Id, and assumes, without proof, that the result is valid for coupled systems. In the
present paper we solve this question once and for all. Finally, in [13] and [14], due to the type of dissipation
used, it is possible to obtain the existence of regular solutions and consequently the use of radial multipliers
in order to prove the exponential stability , which can not be definitely done in the context of this article. In
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the paper [7], the authors consider a generalized Klein-Gordon system consisting of two coupled semilinear
evolution equations of mixed degenerate hyperbolic-parabolic type. Boundary conditions are assumed to be
dissipative as well as global existence and asymptotic decay rates are proved.
In [15], the authors have been study time decay properties of solutions of the problem (1.10). They
show that, in the L∞(R3) norm, the solutions decay like O(t− 32 ) as t → +∞ provided the initial data are
sufficiently small. After this, the author prove that finite energy solutions of such a system decay in local
energy norm as t→ +∞. To our knowledge, this was the first work to address the existence and uniqueness
of solutions to this system through the semigroups theory.
Our paper is organized as follows. In Section 2 we verify that the unique continuation property holds for
the coupled system. In Section 3 we give some notation and we establish the well-posedness to problem
(1.1). In Section 4 and in the Appendix we give the proof of the stabilization which consists our main result.
2. UNIQUE CONTINUATION PROPERTY
Let us now recall some results on the unique continuation property for differential operators. For this, we
will use the notations of Dos Santos Ferreira [11] and Koch-Tataru [19].
Let P (x,D) be a second order differential opertor of real principal type with C∞ coefficients and u be
the solution of the differential equation
(2.1) P (x,D)u+ V (x)u = 0, x ∈ Ω ⊂ Rd
where V ∈ L
d
2
loc and let S be a C
∞ hypersurface in Rd locally defined by
S+ = {x ∈ Ω : ψ(x) > ψ(x0)}
S− = {x ∈ Ω : ψ(x) < ψ(x0)}.(2.2)
We say that a solution of (2.1) has unique continuation across the hypersurface S if when u vanishes on the
side S− then it vanishes on a whole neighbourhood of x0.
Definition 2.1. The hypersurface S = {x ∈ Ω : φ(x) = φ(x0)} ie said to be (strictly) pseudo-convex at
x0 ∈ Ω with respect to the real principal type differential operator P of oreder 2 whose principal symbol is
p whenerver
p(x0, ξ) = Hpφ(x0, ξ) = 0⇒ H2p(x0, ξ) < 0 for all ξ ∈ Rd.
Using (Lp − Lq) Carleman estimates, the following result is proved by Dos Santos Ferreira in [11]
Proposition 2.1. Let P (x,D) be a differential operator of order 2, defined on an open set Ω ⊂ Rd, n > 2.
Suppose that there exists M ≥ 1, a neighbouhood Ω0 of x0 and a function φ ∈ C∞ verifying {x ∈ Ω0 :
x 6= x0, φ(x) ≤ φ(x0)} ⊂ S− such that the Carleman estimate
(2.3) ‖e−τφv‖
L
2d
d−2
≤ C‖e−τφP (x,D)v‖
L
2d
d+2
holds for all u ∈ C∞0 (Ω0) and τ ≥ M . Then if u ∈ H1 is the solution of the equation (2.1) on Ω where
V ∈ L
d
2
loc and u vanishes on S−, then exist a neighbourhood of x0 on which u vanishes.
Inspired in this Proposition, we obtain the following result:
Proposition 2.2. Let P1(x,D) and P2(x,D) be two differential operator of order 2, defined on an open set
Ω ⊂ Rd, n >. Suppose that there existsM ≥ 1, a neighbouhood Ω0 of x0 and a function φ ∈ C∞ verifying
{x ∈ Ω0 : x 6= x0, φ(x) ≤ φ(x0)} ⊂ S− such that the following Carleman estimates
‖e−τφu‖
L
2d
d−2
≤ C‖e−τφP1(x,D)u‖
L
2d
d+2
(2.4)
and
‖e−τφv‖
L
2d
d−2
≤ C‖e−τφP2(x,D)v‖
L
2d
d+2
(2.5)
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holds for all u, v ∈ C∞0 (Ω0) and τ ≥ M . Then the unique continuation property holds for the solution of
the coupled system
(2.6)
{
P1(x,D)u+ V1u = V3v,
P2(x,D)v + V2v = V3u,
where V1, V2 and V3 are elements of L
d
2
loc.
Proof. Suppose x0 = 0 and ψ(0) = 0 and let χ ∈ C∞0 (Ω0) equal 1 on a neighbourhood Ω1 of 0. Applying
the Carleman inequality to the functions w1 = χu, w2 = χv and observing that L
d
2 · L 2dd−2 ⊂ L 2dd+2 , we
obtain
‖e−τφw1‖
L
2d
d−2
. ‖e−τφP1(x,D)w1‖
L
2d
d+2
. ‖e−τφP1(x,D)(χu)‖
L
2d
d+2
. ‖e−τφ(χP1(x,D)u + [P1, χ]u)‖
L
2d
d+2
. ‖V3e−τφχv − V1e−τφχu+ e−τφ[P1, χ]u‖
L
2d
d+2
. ‖V3‖
L
d
2 (K)
‖e−τφχv‖
L
2d
d−2
+ ‖V1‖
L
d
2 (K)
‖e−τφχu‖
L
2d
d−2
+ ‖e−τφ[P1, χ]u‖
L
2d
d+2
,
whereK = supp(χ). That is,
‖e−τφw1‖
L
2d
d−2
. ‖V3‖
L
d
2 (K)
‖e−τφχv‖
L
2d
d−2
+ ‖V1‖
L
d
2 (K)
‖e−τφχu‖
L
2d
d−2
+ ‖e−τφ[P1, χ]u‖
L
2d
d+2
.(2.7)
Analogously,
‖e−τφw2‖
L
2d
d−2
. ‖V3‖
L
d
2 (K)
‖e−τφχu‖
L
2d
d−2
+ ‖V2‖
L
d
2 (K)
‖e−τφχv‖
L
2d
d−2
+ ‖e−τφ[P2, χ]v‖
L
2d
d+2
.(2.8)
Adding inequalities (2.7) and (2.8) and organizing the terms, we obtain
‖e−τφχu‖
L
2d
d−2
+ ‖e−τφχv‖
L
2d
d−2
. (‖V1‖
L
d
2 (K)
+ ‖V3‖
L
d
2 (K)
)‖e−τφχu‖
L
2d
d−2
+ (‖V2‖
L
d
2 (K)
+ ‖V3‖
L
d
2 (K)
)‖e−τφχv‖
L
2d
d−2
+ ‖e−τφ[P1, χ]u‖
L
2d
d+2
+ ‖e−τφ[P2, χ]v‖
L
2d
d+2
.(2.9)
Then we choose χ with sufficiently small support so that the two first terms on the right handside of (2.9)
may be absorbed in the left hand side term, thus
‖e−τφχu‖
L
2d
d−2
+ ‖e−τφχv‖
L
2d
d−2
. ‖e−τφ[P1, χ]u‖
L
2d
d+2
+ ‖e−τφ[P2, χ]v‖
L
2d
d+2
.(2.10)
But [P1(x,D), χ]u and [P2(x,D), χ]v are classical differential operators of order 1 supported in suppu ∩
Ω0 \ Ω1 ⊂ {φ > 0} and supp v ∩ Ω0 \Ω1 ⊂ {φ > 0} where one has φ > c > 0, which implies that
‖e−τφχu‖
L
2d
d−2
+ ‖e−τφχv‖
L
2d
d−2
. e−τc(‖[P1(x,D), χ]u‖
L
2d
d+2
+ ‖[P2(x,D), χ]v‖
L
2d
d+2
)
. e−τc(‖u‖H1 + ‖v‖H1).
Therefore,
‖e−τ(φ−c)χu‖
L
2d
d−2
+ ‖e−τ(φ−c)χv‖
L
2d
d−2
. ‖u‖H1 + ‖v‖H1 ,
that is, ‖e−τ(φ−c)χu‖
L
2d
d−2
+ ‖e−τ(φ−c)χv‖
L
2d
d−2
is bounded, which is impossible unless u = v = 0 when
φ < c. This complete the proof of the unique continuation. 
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Similar arguments can be applied to prove unique continuation property for second order hyperbolic
coupled systems with nonsmooth coefficients and potentials in L
d+1
2 . Indded, in Koch-Tataru we can find
the following result:
Theorem 1. Let P be a second-order hyperbolic operator with C2 coefficients. Let φ be a strictly pseudo-
convex function with respect to P . Then for compactly supported u we have
(2.11) ‖eτφu‖
L
2(d+1)
d−1 ∩τ−
1
4H
1
2
τ
. ‖eτφP (x,D)u‖
L
2(d+1)
d+3 +τ
1
4H
−
1
4
τ
, τ > τ0.
Let X = L
2(d+1)
d−1 and Y = τ−
1
4H
1
2
τ , then the inequality (2.11) can be rewrite as
(2.12) ‖eτφu‖X∩Y . ‖eτφP (x,D)u‖X∗+Y ∗ , τ > τ0.
Note that X ∩ Y →֒ X, which implies that X∗ →֒ X∗ + Y ∗. From the inequality (2.12) we deduce that,
(2.13) ‖eτφu‖X . ‖eτφP (x,D)u‖X∗ , τ > τ0.
Thus, we deduce the following result:
Proposition 2.3. Let P1(x,D) and P2(x,D) be two second-order hyperbolic operators withC
2 coefficients.
Let φ be a strictly pseudo-convex function with respect to P1 and P2. Then the unique continuation property
holds for the solution of the coupled system
(2.14)
{
P1(x,D)u+ V1u = V3v
P2(x,D)v + V2v = V3u,
where V1, V2 and V3 are elements of L
d+1
2 .
3. WELL-POSEDNESS
We consider the weak phase space
H = H10 (Ω)×H10 (Ω)× L2(Ω)× L2(Ω),
which is endowed with the inner product
〈(u1, u2, u3, u4), (v1, v2, v3, v4)〉H =
∫
Ω
∇u⊤1 ·K(x) · ∇v1 +∇u⊤2 ·K(x) · ∇v2 + ρu3v3 + ρu4v4 dx.
DenotingW (t) = (u, v, ut, vt) we may rewrite problem (1.1) as the following Cauchy problem inH
(3.1)


∂W
∂t
(t) = AW (t) + F(W (t))
W (0) = (u0, v0, u1, v1),
where the linear unbounded operator A : D(A)→H is given by
(3.2) A =


0 0 I 0
0 0 0 I
1
ρ div(K(x)∇(·)) 0 1ρ div(a(x)∇(·)) 0
0 1ρ div(K(x)∇(·)) 0 1ρ div(b(x)∇(·))

 ,
that is,
A(u, v, w, z) =
(
w, z,
1
ρ
div(K(x)∇u+ a(x)∇w), 1
ρ
div(K(x)∇v + b(x)∇z)
)
,(3.3)
with domain
(3.4)
D(A) = {(u, v, x, z) ∈ H : w, z ∈ H10 (Ω),div(K(x)∇u+a(x)∇w),div(K(x)∇v+a(x)∇z) ∈ L2(Ω)}
and F : H → H is the nonlinear operator
(3.5) F(u, v, w, z) =
(
0, 0,−1
ρ
v2u,−1
ρ
u2v
)
.
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Now, we are in conditions to state the well-posedness result for problem (3.1), which ensures that problem
(1.1) is globally well-posed.
Theorem 2 (Global Well-Posedness). Assume that the hypotheses on ρ and K are fullfiled and the ini-
tial data (u0, v0, u1, v1) ∈ H. Then problem (3.1) possesses a unique mild solution W ∈ C([0, T ];H).
Moreover, if (u0, v0, u1, v1) ∈ D(A), then the solution is regular.
Proof. First of all the operator A : D(A) ⊂ H → H defined by 3.4 and (3.5) generates a C0-semigroup of
contractions eAt on the energy space H. Indeed, it is easy to see that for all (u, v, w, z) ∈ D(A), we have
(AU,U) = −
∫
Ω
a(x)|∇w|2 + b(x)|∇z|2 dx ≤ 0,(3.6)
which show that the operator A is dissipative. Next, for any given (p, q, r, s) ∈ H, we solve the equation
(I −A)(u, v, w, z) = (p, q, r, s) which is recast on the following way
(3.7)


u− w = p,
v − z = q,
w − 1ρ div(K(x)∇u+ a(x)∇w) = r,
z − 1ρ div(K(x)∇v + b(x)∇z) = s,
From (3.7) we obtain
(3.8)
{
w = u− p,
z = v − q.
Substituting the equations of (3.8) in the last two equations of (3.7), we obtain
(3.9)


u− 1
ρ
div(K(x)∇u+ a(x)∇u) = − 1
ρ
div(a(x)∇p) + p+ r,
v − 1
ρ
div(K(x)∇v + a(x)∇v) = − 1
ρ
div(b(x)∇q) + q + s.
Equivalently,
(3.10)
{
ρu− div(K(x)∇u+ a(x)∇u) = − div(a(x)∇p) + ρ(p+ r),
ρv − div(K(x)∇v + b(x)∇v) = − div(b(x)∇q) + ρ(q + s).
Define
a : H10 (Ω)×H10 (Ω)×H10 (Ω)×H10 (Ω) −→ R
given by
(3.11)
a((u1, v1), (u2, v2)) =
∫
Ω
ρu1u2 + (∇u1)⊤K(x)∇u2 + (∇u1)⊤a(x)∇u2 dx
+
∫
Ω
ρv1v2 + (∇v1)⊤K(x)∇v2 + (∇v1)⊤b(x)∇v2 dx.
Then, a(·, ·) is bilinear, continuous and coercive. Thank’s to the Lax-Milgram Theorem, given
(a0, b0) = (− div(a(x)∇p) + ρ(p + r),− div(b(x)∇q) + ρ(q + s) ∈ H−1(Ω)×H−1(Ω),
there exists a unique (u, v) ∈ H10 (Ω)×H10 (Ω), such that
a((u, v), (x, y)) = 〈a0, x〉H−1(Ω),H10 (Ω) + 〈b0, y〉H−1(Ω),H10 (Ω) for all (x, y) ∈ H
1
0 (Ω)×H10 (Ω).
Taking x ∈ C∞0 (Ω) and y = 0 we deduce that
ρu− div(K(x)∇u+ a(x)∇u) = a0 in D′(Ω)
and consequently,
ρu− div(K(x)∇u+ a(x)∇u) = a0 inH−1(Ω).
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Proceeding in the same way, we deduce that
ρv − div(K(x)∇v + b(x)∇v) = b0 inH−1(Ω).
Define,
(3.12)
{
w = u− p ∈ H10 (Ω),
z = v − q ∈ H10 .
Using equations (3.12) we deduce that (u, v, w, z) ∈ D(A), since
(3.13)


1
ρ
div(K(x)∇u+ a(x)∇w) = u− p− r ∈ L2(Ω),
1
ρ
div(K(x)∇v + b(x)∇z) = v − q − s ∈ L2(Ω),
which gives us the desired solution. By the Theorem 1.4.6 in Pazy’s book [26] we obtainD(A) = H. Thus,
A generates a C0 semigroup of contractions on H by Lumer-Phillips Theorem.
Moreover the nonlinear operator F : H → H given in (3.5) is a locally Lipschitz continuous oper-
ator. Given a bounded set B in H, there exists R > 0 such that ‖U‖ ≤ R for all U ∈ B. Given
U = (u1, u2, u3, u4) and V = (v1, v2, v3, v4) elements of B, we have that
‖FU −FV ‖2H =
∥∥∥∥
(
0, 0,−1
ρ
(u22u1 − v22v1),−
1
ρ
(u21u2 − v21v2)
)∥∥∥∥
2
H
=
∥∥∥∥1ρ(v22v1 − u22u1)
∥∥∥∥
2
L2(Ω)
+
∥∥∥∥1ρ(v21v2 − u21u2)
∥∥∥∥
2
L2(Ω)
=
∥∥∥∥1ρ(v22v1 − u22v1 + u22v1 − u22u1)
∥∥∥∥
2
L2(Ω)
+
∥∥∥∥1ρ(v21v2 − u21v2 + u21v2 − u21u2)
∥∥∥∥
2
L2(Ω)
=
∥∥∥∥1ρ((v22 − u22)v1 + u22(v1 − u1))
∥∥∥∥
2
L2(Ω)
+
∥∥∥∥1ρ((v21 − u21)v2 + u21(v2 − u2))
∥∥∥∥
2
L2(Ω)
.
∥∥∥∥1ρ(v22 − u22)v1
∥∥∥∥
2
L2(Ω)
+
∥∥∥∥1ρ(v21 − u21)v2
∥∥∥∥
2
L2(Ω)
+
∥∥∥∥1ρu22(v1 − u1)
∥∥∥∥
2
L2(Ω)
+
∥∥∥∥1ρu21(v2 − u2)
∥∥∥∥
2
L2(Ω)
.(3.14)
Let’s show that each of the(3.14) is limited by a positive constant that depends onRmultiplied by ‖U−V ‖H.
For this, let i, j ∈ {1, 2} and consider i 6= j, then from the Hı¨¿12 lder’s inequality we obtain∥∥∥∥1ρ(v2i − u2i )vj
∥∥∥∥
2
L2(Ω)
=
∫
Ω
1
ρ2
|vi − ui|2|vi + ui|2|vj |2 dx
.
(∫
Ω
|vi − ui|6 dx
) 1
3
(∫
Ω
|vi + ui|3|vj |3 dx
) 2
3
.
(∫
Ω
|vi − ui|6 dx
) 1
3
[(∫
Ω
|vj|6 dx
) 1
2
(∫
Ω
|vi + ui|6 dx
) 1
2
] 2
3
. ‖vj‖2L6(Ω)‖vi + ui‖2L6(Ω)‖vi − ui‖2L6(Ω)
. ‖vj‖2L6(Ω)
(
‖vi‖2L6(Ω) + ‖ui‖2L6(Ω)
)
‖vi − ui‖2L6(Ω)
. ‖vj‖2H10 (Ω)
(
‖vi‖2H10 (Ω) + ‖ui‖
2
H10 (Ω)
)
‖vi − ui‖2H10 (Ω)
. 2R3‖U − V ‖2H.(3.15)
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Proceeding in the same way, we obtain∥∥∥∥1ρu2j (vi − ui)
∥∥∥∥
2
L2(Ω)
=
∫
Ω
1
ρ2
|uj |4|vi − ui|2 dx
.
(∫
Ω
|uj |6 dx
) 2
3
(∫
Ω
|vi − ui|6 dx
) 1
3
. ‖uj‖4L6(Ω)‖vi − ui‖2L6(Ω)
. ‖uj‖4H10 (Ω)‖vi − ui‖
2
H10 (Ω)
. R4‖vi − ui‖2H10 (Ω)
. R4‖U − V ‖2H.(3.16)
From (3.14), (3.15) and (3.16) we obtain
‖FU −FV ‖2H ≤ C(R)‖U − V ‖2H,
which proves that F is locally Lipschitz. Hence by Theorem 6.1.4 and 6.1.5 in Pazy’s book [26], the Cauchy
problem (1.1) has a unique mild solution
W (t) = eAtW (0) +
∫ t
0
eA(t−s)F(W (s))ds, for all t ∈ [0, Tmax).
Let us see that Tmax =∞. Indeed, given the energy functional defined in (1.5), it follows that
d
dt
Eu,v(t) = −
∫
Ω
a(x)|∇ut(x, t)|2dx−
∫
Ω
b(x)|∇vt(x, t)|2dx,
which shows that Eu,v(t) is non-increasing with Eu,v(t) ≤ Eu(0) for all t ∈ [0, Tmax). On the other hand,
we have that
Eu,v(t) ≥ 1
2
∫
Ω
ρ(x)|ut(x, t)|2 + ρ(x)|vt(x, t)|2 dx
+
1
2
∫
Ω
∇u(x, t)⊤ ·K(x) · ∇u(x, t) +∇v(x, t)⊤ ·K(x) · ∇v(x, t) dx
=
1
2
‖(u, v, ut, vt)‖2H.
Thus,
1
2
‖(u, v, ut, vt)‖2H ≤ Eu(t) ≤ Eu(0), for all t ∈ [0, Tmax).
Therefore the local solutions cannot blow-up in finite time and it follows that Tmax =∞. 
4. EXPONENTIAL STABILITY
In this section we give the proofs of the main result of the present article which reads as follows
Theorem 3. Under Assumptions presented above, given R > 0, there exist constants C and γ such that the
following inequality holds
Eu,v(t) ≤ Ce−γtEu,v(0), t > 0,(4.1)
for all weak solution to problem (1.1) provided that Eu,v(0) ≤ R.
Remark 3. By standard density arguments it is enough to work with regular solutions at all times since the
decay rate estimate given in (4.1) can be recovered for weak solutions as well.
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In order to prove the Theorem (3) and having in mind that problem (1.1) satisfies the semigroup property,
so, in view of the identity of the energy associated to problem (1.1), namely,
Eu,v(t2)− Eu,v(t1) = −
∫ t2
t1
∫
Ω
a(x)|∇ut(x, t)|2 dxdt
−
∫ t2
t1
∫
Ω
b(x)|∇vt(x, t)|2 dxdt, for all 0 ≤ t1 ≤ t2,(4.2)
it is enough to prove that the following observability estimate holds:
Lemma 4.1. For every T > 0 and every R > 0, there exists a constant C > 0 such that inequality
Eu,v(0) ≤ C
∫ T
0
∫
Ω
a(x)|∇ut(x, t)|2 + b(x)|∇vt(x, t)|2 dxdt,(4.3)
holds for every regular solution u of the damped problem (1.1) if the initial data satisfies
Eu(0) ≤ R.(4.4)
Proof. We argue by contradiction. Let us assume that (4.3) does not hold. Then, there exist a sequence
{un, vn} of regular solutions to problem, according to Theorem 2, such that the initial data satisfy
Eun,vn(0) ≤ L, for all n ∈ N, and for some L > 0,(4.5)
and, in addition,
lim
n→∞
Eun,vn(0)∫ T
0
∫
Ω a(x)|∇unt (x, t)|2 + b(x)|∇vnt (x, t)|2 dxdt
= +∞.(4.6)
From (4.6) yields
lim
n→∞
∫ T
0
∫
Ω a(x)|∇unt (x, t)|2 + b(x)|∇vnt (x, t)|2 dxdt
Eun,vn(0)
= 0.(4.7)
Taking (4.5) and (4.7) into account, we deduce
lim
n→∞
∫ T
0
∫
Ω
a(x)|∇unt (x, t)|2 + b(x)|∇vnt (x, t)|2 dxdt = 0,(4.8)
and since a(x) ≥ a0 > 0 a.e. in ω from (4.8) we infer
lim
n→∞
∫ T
0
∫
ω
|∇unt (x, t)|2 dxdt = 0,(4.9)
and since that b(x) ≥ b0 > 0 a.e. in Ω we obtain that
lim
n→∞
∫ T
0
∫
ω
|∇vnt (x, t)|2 dxdt = 0.(4.10)
From a variant of Poincare´’s inequality, from (4.9) and (4.10), it follows that
lim
n→∞
∫ T
0
∫
ω
|unt (x, t)|2 dxdt = 0(4.11)
and
lim
n→∞
∫ T
0
∫
ω
|vnt (x, t)|2 dxdt = 0.(4.12)
Since Eu,vn(t) is non-increasing and Eun,vn(0) remains bounded then, we obtain a subsequence, still
denoted by {(un, vn)} which verifies
(un, vn)
∗
⇀ (u, v) in (L∞(0, T ;H10 (Ω)))
2,(4.13)
(unt , u
n
t )
∗
⇀ (ut, vt) in (L
∞(0, T ;L2(Ω)))2.(4.14)
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From standard compactness arguments, see [20] or [30], we deduce, for an eventual subsequence, that
will be denote by the same notation, that
(un, vn)→ (u, v) in (L∞(0, T ;Lq(Ω)))2, for all q ∈ [2, 6)(4.15)
From (4.15) we infer
(vn)2un → v2u a.e. in Ω× (0, T )
and
(un)2vn → u2v a.e. in Ω× (0, T ).
Moreover, ((vn)2un) and ((un)2vn) are bounded in L2(0, T ;L2(Ω)). Indeed,∫ T
0
∫
Ω
|(vn)2un|2 dxdt =
∫ T
0
∫
Ω
|vn|4|un|2 dxdt
≤
∫ T
0
(∫
Ω
|vn|6 dx
) 2
3
(∫
Ω
|un| dx
) 1
3
dt
=
∫ T
0
‖vn‖4L6(Ω)‖un‖2L6(Ω) dt
≤ ‖vn‖4L8(0,T ;L6(Ω))‖vn‖2L4(0,T ;L6(Ω))
. ‖vn‖L∞(0,T ;H10 (Ω))‖u
n‖2L∞(0,T ;H10 (Ω)) <∞.
Analogously we have the another limitation. From the Lions Lemma we conclude that
(4.16) (vn)2un ⇀ v2u and (un)2vn ⇀ u2v in L2(0, T ;L2(Ω)).
In this point we shall divide our proof into two cases: (i) u 6= 0 and v 6= 0 and (ii) (u, v) = (0, 0). We
note that these are the only two cases we should consider. Indeed, if u = 0 then necessarily v = 0 because
if we take the following sequence of problems into account
(4.17)


ρ(x)untt − div(K(x)∇un) + (vn)2un − div(a(x)∇unt ) = 0 in Ω× (0, T ),
ρ(x)vntt − div(K(x)∇vn) + (un)2vn − div(b(x)∇vnt ) = 0 in Ω× (0, T ),
u = v = 0 on ∂Ω× (0, T ),
un(x, 0) = un0 (x), ut(x, 0) = u
n
1 (x) in Ω,
vn(x, 0) = vn0 (x), v
n
t (x, 0) = v
n
1 (x) in Ω,
and passing to the limit in (4.17) taking (4.9), (4.10) and (4.13)-(4.16), into account, we obtain, in the
distributional sense,
(4.18)
{
ρ(x)vtt − div(K(x)∇v) = 0 in Ω× (0, T ),
vt = 0 in ω × (0, T ),
and for z = vt from (4.18) we infer
(4.19)
{
ρ(x)ztt − div(K(x)∇z) = 0 in Ω× (0, T ),
z = 0 in ω × (0, T ),
which implies that z = vt = 0 and from (4.18) we deduce that v = 0. Analogously if v = 0 then u = 0.
Case (i): u 6= 0 and v 6= 0.
Taking the following subsequence of problems into account
(4.20)


ρ(x)untt − div(K(x)∇un) + (vn)2un − div(a(x)∇unt ) = 0 in Ω× (0, T ),
ρ(x)vntt − div(K(x)∇vn) + (un)2vn − div(b(x)∇vnt ) = 0 in Ω× (0, T ),
un(x, 0) = un0 (x), ut(x, 0) = u
n
1 (x) in Ω,
vn(x, 0) = vn0 (x), v
n
t (x, 0) = v
n
1 (x) in Ω,
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and passing to the limit in (4.20) taking (4.9), (4.10) and (4.13)-(4.16), into account, we obtain, in the
distributional sense,
(4.21)


ρ(x)utt − div(K(x)∇u) + v2u = 0 in Ω× (0, T ),
ρ(x)vtt − div(K(x)∇v) + u2v = 0 in Ω× (0, T ),
ut = vt = 0 in ω × (0, T )
and for w = ut and z = vt from (4.21) we infer
(4.22)


ρ(x)wtt − div(K(x)∇w) + 2vuz + v2w = 0 in Ω× (0, T ),
ρ(x)ztt − div(K(x)∇z) + 2uvw + u2z = 0 in Ω× (0, T ),
w = z = 0 in ω × (0, T ),
Defining V1(, x, t) = v
2, V2(x, t) = u
2 and V3(x, t) = −2uv, the system (4.22) can be rewrite like
(4.23)


ρ(x)wtt − div(K(x)∇w) + V1(x, t)w = V3(x, t)z in Ω× (0, T ),
ρ(x)ztt − div(K(x)∇z) + V2(x, t)z = V3(x, t)w in Ω× (0, T ),
w = z = 0 in ω × (0, T ),
Employing Assumption 1.3, we conclude that (w, z) = (0, 0), and, consequently from (4.21) it follows that
u = v = 0, which is a contradiction.
Case (ii): (u, v) = (0, 0).
Now, we define:
αn := [Eun,vn(0)]
1/2, wn :=
un
αn
and zn :=
vn
αn
.(4.24)
Now, let us consider the following subsequence of problems
(4.25)


ρ(x)wntt − div(K(x)∇wn) + α2n(zn)2wn − div(a(x)∇wnt ) = 0 in Ω× (0, T ),
ρ(x)zntt − div(K(x)∇zn) + α2n(wn)2zn − div(b(x)∇ znt ) = 0 in Ω× (0, T ),
wn = zn = 0 on ∂Ω× (0, T ),
wn(x, 0) = wn0 (x) =
un0
αn
, wt(x, 0) = w
n
1 (x) =
un1
αn
in Ω,
zn(x, 0) = zn0 (x) =
vn0
αn
, znt (x, 0) = z
n
1 (x) =
vn1
αn
in Ω.
A simple calculation shows that
(4.26) Ewn,zn(t) =
1
α2n
Eun,vn(t).
It is not difficult to check that there exists a positive constant C such that 1/C ≤ Ewn,zn(0) = 1 for all
n ∈ N. In order to achieve a contradiction we need to prove that Ewn,zn(0) converges to zero. Indeed, first,
taking (4.8) and (4.24) into consideration we infer
lim
n→∞
∫ T
0
∫
Ω
a(x)|∇wnt (x, t)|2 dxdt = 0,(4.27)
and
lim
n→∞
∫ T
0
∫
Ω
a(x)|∇znt (x, t)|2 dxdt = 0.(4.28)
Since a(x) ≥ a0 > 0 a.e. in ω from (4.27) we infer
lim
n→∞
∫ T
0
∫
ω
|∇wnt (x, t)|2 dxdt = 0,(4.29)
and since that b(x) ≥ b0 > 0 a.e. in ω from (4.28) we obtain that
lim
n→∞
∫ T
0
∫
ω
|∇znt (x, t)|2 dxdt = 0.(4.30)
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Taking (4.29) and (4.30) into account and considering a variant of Poincare´’s inequality, it follows that
lim
n→∞
∫ T
0
∫
ω
|wnt (x, t)|2 dxdt = 0(4.31)
and
lim
n→∞
∫ T
0
∫
ω
|znt (x, t)|2 dxdt = 0.(4.32)
Further, from the boundness Ewn,zn(0) ≤ C we also deduce that for an eventual subsequence of {wn, zn}
that
(wn, zn)
∗
⇀ (w, z) in (L∞(0, T ;H10 (Ω)))
2,(4.33)
(wnt , z
n
t )
∗
⇀ (wt, zt) in (L
∞(0, T ;L2(Ω)))2.(4.34)
From standard compactness arguments, we deduce, for an eventual subsequence, that will be denote by the
same notation, that
(wn, zn)→ (w, z) in (L∞(0, T ;Lq(Ω)))2, for all q ∈ [2, 6)(4.35)
Note that, for an eventual subsequence, αn → α ∈ [0,+∞). If α = 0 and since
αnw
n = un → 0 in L∞(0, T ;H10 (Ω)))2,(4.36)
αnz
n = vn → 0 in L∞(0, T ;H10 (Ω)).(4.37)
Taking (4.27), (4.28), (4.33), (4.34), (4.36) and (4.37) into account, passing to the limit in (4.25) arrive at
(4.38)


ρ(x)wtt − div(K(x)∇w) = 0 in Ω× (0, T ),
ρ(x)ztt − div(K(x)∇z) = 0 in Ω× (0, T ),
wt = zt = 0 in ω × (0, T ).
For ϕ = wt and ψ = zt from (4.38) we infer
(4.39)


ρ(x)ϕtt − div(K(x)∇ϕ) = 0 in Ω× (0, T ),
ρ(x)ψtt − div(K(x)∇ψ) = 0 in Ω× (0, T ),
ϕ = ψ = 0 in ω × (0, T ).
which implies that ϕ = ψ = 0 and, consequently from (4.38), w = z = 0.
Now, let us consider α > 0. So, passing to the limit in (4.25) we arrive at
(4.40)


ρ(x)wtt − div(K(x)∇w) + α2z2w = 0 in Ω× (0, T ),
ρ(x)ztt − div(K(x)∇z) + α2w2z = 0 in Ω× (0, T ),
wt = zt = 0 in ω × (0, T ).
For ϕ = wt and ψ = zt from (4.40) we infer
(4.41)


ρ(x)ϕtt − div(K(x)∇w) + 2α2zwψ + α2z2ϕ = 0 in Ω× (0, T ),
ρ(x)ψtt − div(K(x)∇ψ) + 2α2wzϕ+ α2w2ψ = 0 in Ω× (0, T ),
ϕ = ψ = 0 in ω × (0, T ).
Denoting V1(x, t) = α
2z2 , V2(x, t) = α
2w2 and V3(x, t) = −2α2zw we can rewrite (4.41) like
(4.42)


ρ(x)ϕtt − div(K(x)∇w) + V1(x, t)ϕ = V3(x, t)ψ in Ω× (0, T ),
ρ(x)ψtt − div(K(x)∇ψ) + V2(x, t)ψ = V3(x, t)ϕ in Ω× (0, T ),
ϕ = ψ = 0 in ω × (0, T ).
Employing Assumption 1.3, from (4.42) it follows that (ϕ,ψ) = (0, 0) and, consequently, w = z = 0. Thus
in any of both cases w = z = 0. As a consequence w = z = 0 in all the convergences in (4.33)-(4.35).
Proceeding in the same way as in (4.16), and using the fact that w = z = 0, we obtain
(4.43) α2n(z
n)2wn ⇀ 0 and α2n(w
n)2zn ⇀ 0 in L2(0, T ;L2(Ω)).
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Remember that our main objective is to prove that Ewn,zn(0) converges to zero, where
Ewn,zn(t) =
1
2
∫
Ω
ρ|wnt (x, t)|2 + ρ|znt (x, t)|2 + (∇wn(x, t))⊤ ·K(x) · ∇wn(x, t) dx
1
2
∫
Ω
(∇zn(x, t))⊤ ·K(x) · ∇zn(x, t) + α2n(wnzn)2 dx
Let us use the following notation
P := −ρ∂2t −
d∑
i=1
∂xi(K(x)∂xj ).
Then, we have that given the weak convergence in L2(Ω × (0, T )) of the nonlinear terms α2n(zn)2wn and
α2n(w
n)2zn, we deduce that
(4.44) Pwnt → 0 inH−1loc (Ω × (0, T ))
and
(4.45) Pznt → 0 inH−1loc (Ω× (0, T )).
Let us also denote by µ1 and µ2 the microlocal defect measures associated to {wnt } and {znt } in L2(Ω×
(0, T )), which is assured by Theorem 4. Then, taking into account Assumption 1.2, we deduce two facts:
(i) The supports of the measures µ1 and µ2 are contained in the characteristic set of the wave operator
{τ2 − 1ρξ⊤ ·K(x) · ξ = 0}.
(ii) µ1 and µ2 propagates along the bicharacteristic flow of this operator, which signifies, particularly, that
if some point ω0 = (x0, t0, ξ0, τ0) does not belong to the supp(µ1) or supp(µ2) the whole bicharacteristic
issued from ω0 is out of supp(µ1) or supp(µ2).
Indeed, from (4.44), (4.45) and Theorem 5 we deduce item (i).
Furthermore, from Proposition 5.1 and Theorem 7 found in the Appendix, we deduce that supp(µ) in
(Ω× (0, T )) × Sd is a union of curves like
t ∈ I ∩ (0,∞) 7→ m± (t) =
(
t, x(t),
±1√
1 + |G(x)x˙| ,
±G(x)x˙√
1 + |G(x)x˙|
)
,(4.46)
where t ∈ I 7→ x(t) ∈ Ω is a geodesic associated to the metric .
Since wnt → 0 and znt → 0 in L2(ω × (0, T )), we deduce that µ1 = µ2 = 0 in ω and consequently
supp(µ1) ⊂ (Ω \ ω)× (0, T ) and supp(µ2) ⊂ (Ω \ ω)× (0, T ).
On the other hand, let t0 ∈ (0,+∞) and let x be a geodesic of G defined near t0. Once the geodesics
inside Ω\ω, enter necessarily in the region ω, then, for any geodesic of the metric G, with 0 ∈ I there exists
t > 0 such that m ± (t) does not belong to the supp(µ1) and supp(µ2), so that m ± (t0) does not belong
as well and item (ii) follows. Once the time t0 and the geodesic x were taken arbitrary, we conclude that
supp(µ1) and supp(µ2) are empty. As a consequence, w
n
t → 0 and znt → 0 in L2loc(Ω × (0, T )). Since,
vnt → 0 and znt → 0 strongly in L2(ω × (0, T )) we deduce
wnt → 0 in L2(0, T ;L2(Ω))(4.47)
and
znt → 0 in L2(0, T ;L2(Ω)).(4.48)
It is then easy to show that Ewn,zn(0) converges to zero. Indeed, let us consider the following cut-off
function
θ ∈ C∞(0, T ), 0 ≤ θ(t) ≤ 1, θ(t) = 1 in (ε, T − ε).
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Multiplying the first equation in (4.25) by wnθ, the second by znθ and integrating by parts, we infer
−
∫ T
0
θ(t)
∫
Ω
ρ(x)|wnt |2 dxdt−
∫ T
0
θ′(t)
∫
Ω
ρ(x)wnt w
n dxdt(4.49)
+
∫ T
0
θ(t)
∫
Ω
(∇wn)⊤ ·K(x) · ∇wn dxdt+ α2n
∫ T
0
θ(t)
∫
Ω
(zn)2(wn)2 dxdt
+
∫ T
0
θ(t)
∫
Ω
a(x)∇wnt · ∇wn dxdt = 0
and
−
∫ T
0
θ(t)
∫
Ω
ρ(x)|znt |2 dxdt−
∫ T
0
θ′(t)
∫
Ω
ρ(x)znt z
n dxdt(4.50)
+
∫ T
0
θ(t)
∫
Ω
(∇zn)⊤ ·K(x) · ∇zn dxdt+ α2n
∫ T
0
θ(t)
∫
Ω
(zn)2(wn)2 dxdt
+
∫ T
0
θ(t)
∫
Ω
a(x)∇znt · ∇zn dxdt = 0
Considering the convergences (4.27), (4.28), (4.33)-(4.35) and (4.43) having in mind that w = z = 0 from
(4.49) and (4.50) we deduce that
lim
n→+∞
∫ T
0
θ(t)
∫
Ω
(∇wn)T ·K(x) ·∇wn dxdt = 0 and lim
n→+∞
∫ T
0
θ(t)
∫
Ω
(∇zn)T ·K(x) ·∇zn dxdt = 0,
which implies that
lim
n→+∞
∫ T−ε
ε
∫
Ω
(∇wn)T ·K(x) · ∇wn dxdt = 0 and lim
n→+∞
∫ T−ε
ε
∫
Ω
(∇zn)T ·K(x) · ∇zn dxdt = 0.
We also have
α2n
∫ T−ε
ε
∫
Ω
(wnzn)2 dxdt→ 0.
Combining the above convergences we have that∫ T−ε
ε
Ewn,zn(t) dt→ 0.
Then by the decrease of the energy, we obtain
(T − 2ε)Ewn,zn(T − 2ε)→ 0.
Combining the energy identity
Ewn,zn(T − ε)− Ewn,zn(ε) = −
∫ T−ε
ε
a(x)|∇wnt (x, t)|2 + b(x)|∇znt (x, t)|2 dxdt,
with (4.27), (4.28) and the arbitrariness of ε > 0, it follows that Ewn,zn(0)→ 0 as n→ +∞, as we desired
to prove. 
5. APPENDIX
5.1. Part I. We start this section by presenting some classical tools regarding the Hamiltonian vector field
and its bicharacteristic curves in the cotangent (x, ξ)−space for real functions p(x, ξ).
Let p ∈ C∞(Ω×Rd\{0}) be a real valued function. We callHp an Hamiltonian field of p, the following
vector field defined in Ω× Rd\{0}:
Hp(x, ξ) =
(
∂p
∂ξ1
(x, ξ), · · · , ∂p
∂ξn
(x, ξ);− ∂p
∂x1
(x, ξ), · · · ,− ∂p
∂xn
(x, ξ)
)
.
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The Lie derivative of a function f with respect the Hamiltonian field Hp is given by Hp(f) = {p, f},
where
{p, f}(x, ξ) =
d∑
j=1
(
∂p
∂ξj
∂f
∂xj
− ∂p
∂xj
∂f
∂ξj
)
.
An Hamiltonian curve of p is an integrable curve of the vector field Hp, that is a maximal solution
s ∈ I 7→ (x(s), ξ(s)) to the Hamilton-Jacobi equations
(5.1)
{
x˙ = pξ(x, ξ) =
∂p
∂ξ
(x, ξ), ξ˙ = −px(x, ξ) = −∂p
∂x
,
where I is an open interval of R.
Since Hpp = 0 the function p keeps a constant length value on each of its Hamiltonian curves. We say
that such curve is a bicharacteristic of p if this value is null.
Remark 4. Let λ be a C∞ function on T 0Ω with real values different of zero. Since
Hλp = λHp + pHλ = λHp if p = 0,
it results that the bicharacteristics of λp and p coincide (modulo a re-parametrization).
Next, for the readers comprehension and for the sake of clarify, we shall announce some results due to
Burq and Ge´rard [4] (without their proofs) which were developed firstly in Ge´rard [16].
We have the first important result:
Theorem 4. Let {un}n∈N be a bounded sequence in L2loc(Ω) such that it converges weakly to zero in
L2loc(Ω). Then, there exists a subsequence {uϕ(n)} and a positive Radon measure µ on T 1Ω := Ω × Sd−1
such that for all pseudo-differential operator A of order 0 on Ω which admits a principal symbol σ0(A) and
for all χ ∈ C∞0 (Ω) such that χσ0(A) = σ0(A), one has(
A(χuϕ(n)), χuϕn
)
L2
−→
n→+∞
∫
Ω×Sn−1
σ0(A)(x, ξ) dµ(x, ξ).(5.2)
Definition 5.1. Under the circumstances of Theorem 4 µ is called the microlocal defect measure of the
sequence {uϕ(n)}n∈N.
Remark 5. Theorem 4 assures that for all bounded sequence {un}n∈N of L2loc(Ω) which converges weakly
to zero, the existence of a subsequence admitting a microlocal defect measure (in short, m.d.m). We observe
that from (5.2) in the particular case when A = f ∈ C∞0 (Ω), it follows that∫
Ω
f(x)|uϕ(n)(x)|2 dx→
∫
Ω×Sd−1
f(x) dµ(x, ξ),(5.3)
so that uϕ(n) converges to 0 strongly if and only if µ = 0.
The second important result reads as follows:
Theorem 5. Let P be a differential operator of orderm on Ω and let {un} a bounded sequence of L2loc(Ω)
which converges weakly to 0 and admits a m.d.m. µ. The following statement are equivalents:
(i) Pun −→
n→+∞
0 strongly in H−mloc (Ω) (m > 0).
(ii)supp(µ) ⊂ {(x, ξ) ∈ Ω× Sd−1 : σm(P )(x, ξ) = 0}.
Theorem 6. Let P be a differential operator of orderm onΩ, verifying P ∗ = P , and let {un} be a bounded
sequence in L2loc(Ω) which converges weakly to 0 and it admits a m.d.m. µ. Let us assume that Pun −→n→+∞ 0
strongly in H1−mloc . Then, for all function a ∈ C∞(Ω × (Rd)\{0}) homogeneous of degree 1 − m in the
second variable and with compact support in the first one,∫
Ω×sd−1
{a, p}(x, ξ) dµ(x, ξ) = 0.(5.4)
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Finally we present the last important result we need, namely:
Theorem 7. Let P be a self-adjoint differential operator of order m on Ω which admits a principal symbol
p. Let {un}n be a bounded sequence in L2loc(Ω) which converges weakly to zero, with a microlocal defect
measurement µ. Let us assume that Pun converges to 0 in H
−(m−1)
loc . Then the support of µ, supp(µ), is a
union of curves like s ∈ I 7→
(
x(s), ξ(s)|ξ(s)|
)
, where s ∈ I 7→ (x(s), ξ(s)) is a bicharacteristic of p.
Let us consider the wave operator in a inhomogeneous medium:
ρ(x)∂2t −
n∑
j=1
∂xj
[
K(x)∂xj
]
.
Using the notation Dj =
1
i ∂j we can write
P (t, x,Dt,Dx) = −ρ(x)D2t +
n∑
j=1
Dxj [K(x)Dxj ], Dx = (Dx1 , · · · ,Dxn),
whose principal symbol p(t, x, τ, ξ) is given by
p(t, x, τ, ξ) = −ρ(x)τ2 +K(x) ξ · ξ, ξ = (ξ1, · · · , ξn),(5.5)
where t ∈ R, x ∈ Ω ⊂ Rd, (τ, ξ) ∈ R× Rd.
Next, we shall describe the bicharacteristics of p. These do not change if we multiply p by a non-null
function, rather study the hamiltonian curves of
p˜(t, x, τ, ξ) =
1
2
(
K(x)
ρ(x)
ξ · ξ − τ2
)
.(5.6)
We have
(5.7)


t˙ =
∂p˜
∂τ
= −τ,
x˙ =
∂p˜
∂ξ
=
K(x)
ρ(x)
ξ,
τ˙ = −∂p˜
∂t
= 0,
ξ˙ = −∂p˜
∂x
= −1
2
∇
(
K(x)
ρ(x)
)
(ξ · ξ).
Introducing the function G(x) :=
(
K(x)
ρ(x)
)−1
, equations in (x, ξ) become in
x˙ = K(x) ξ ⇐⇒ ξ = G(x)x˙,(5.8)
which implies, considering the notation 〈x, ξ〉 = x · ξ, that
ξ˙ = (G(x)x˙)· =
1
2
∇G(x) x˙ · x˙.
Once p˜ is null on each the bicharacteristic curves from (5.5) we deduce that
K(x)
ρ(x)
ξ · ξ = τ2 = constant on the curve,(5.9)
On the other hand by (5.8) and (5.9), one has
G(x)x˙ · x˙ = K(x)
ρ(x)
ξ · ξ.(5.10)
Combining (5.9) and (5.10) we deduce
G(x)x˙ · x˙ = K(x)
ρ(x)
ξ · ξ = τ2 = constant on the curve,(5.11)
KLEIN-GORDON SYSTEM WITH LOCALLY DISTRIBUTED KELVIN-VOIGT DAMPING 19
i.e., the quantity G(x) x˙ · x˙ is preserved under the flow.
By (5.9) and (5.11) we can write
d
ds
G(x)x˙√
G(x) x˙ · x˙ =
1
2
∇G(x) x˙ · x˙√
G(x) x˙ · x˙ .(5.12)
Setting
L(x, x˙) :=
√
G(x) x˙ · x˙,
from the last identity yields
d
ds
∂
∂x˙
L(x, x˙) =
∂
∂x
L(x, x˙),
which is the Euler-Lagrange equation associated to L, namely, the geodesic equation for the metric G of Ω.
Reversely, if
α 7→ x(α),
is a geodesic for the metric G on Ω, and parameterizing the curve x by the curvilinear abscissa σ defined by
dσ
dα
=
√
G(x(α)) x˙(α) · x˙(α),(5.13)
the equation (5.12) becomes
d
dτ
(
G(x)
dx
dτ
)
=
1
2
∇G(x) dx
dτ
· dx
dτ
,(5.14)
with
G(x)
dx
dσ
· dx
dσ
= 1.
We find so (5.7), (5.8) and (5.9) setting, for instance, s = −στ . We observe that dtdσ = 1. As a conclusion,
we have proved the following result:
Proposition 5.1. Unless a change of variables, the bicharacteristics of (5.5) are curves of the form
t 7→
(
t, x(t), τ,−τ
(
K(x(t))
ρ(x(t))
)−1
x˙(t)
)
,
where t 7→ x(t) is a geodesic of the metric G = (A)−1 = (gij) on Ω, parameterized by the curvilinear
abscissa.
5.2. Part II. In what follows we shall give examples of metrics G =
(
K
ρ
)−1
such that its bicharacteristics
enter in the region ω where a(x) > 0. We consider a Riemannian manifold M with Riemannian metric
G = 〈·, ·〉 and Riemannian connection ∇˜. We denote its Laplace-Beltrami operator by ∆˜. Fix a coordinate
system (x1, . . . , xn) on M , denote Gij = 〈∂/∂xi, ∂/∂xj〉, let Gij = Kij/ρ be the inverse matrix of Gij
and set ρ =
√
det(Gij). The Laplace-Beltrami operator in this coordinate system is given by
∆˜u =
1√
detGij
n∑
i,j=1
∂
∂xi
(√
detGijG
ij ∂u
∂xj
)
=
1
ρ(x)
div(K(x)∇u)
where∇ is the usual gradient correspondent to the Euclidean metric on the domain (x1, . . . , xn).
Remark 6. It is straightforward that detK = ρn−2. For n ≥ 3, it implies that there exist a bijection
between the Riemannian metrics G and the operators K given by G 7→ K = ρG−1 and K 7→ G =
(detK)
1
n−2K−1. But for n = 2, we always have detK = 1 and K does not determine the Riemannian
metric. In fact, observe that we haveK = Id in the hyperbolic plane H2 given in Example 5.1 below and in
the half plane R2+ endowed with Euclidean metric. Although they have the same K , they are not isometric
because H2 have constant Gaussian curvature equal to−1 and the Euclidean open subset R2+ have constant
Gaussian curvature equal to 0.
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The Hessian of a smooth function φ : M → R is a symmetric 2-form onM defined as
(5.15) ∇˜2φ(X,Y ) = XY (φ)− ∇˜XY (φ),
whereX and Y are vector fields onM . HereX(φ) denotes the directional derivative of φ in the direction of
the vector field X. It is well known that the value of ∇2(X,Y )(p) depends only on the values of X and Y
on p. It means that the right-hand side of (5.15) does not depend on the smooth extension we take for X(p)
and Y (p).
A curve γ : (−ε, ε)→M is a geodesic if ∇˜γ′(t)γ′(t) ≡ 0.
The next lemma states the main technical condition we need in order to let some subsets outside ω without
damping.
Lemma 5.1. LetM be a complete Riemannian manifold, eventually with boundary, and let φ : intM → R
be a smooth function. Suppose that φ is bounded and ∇2φ(v, v) ≥ c‖v‖2 on an open subset U ⊂ intM ,
where c > 0 is a constant. Then any geodesic on U hits ∂U .
Proof. Let γ be a geodesic on U . Then
d2
dt2
φ(γ(t)) = γ′(t)γ′(t)φ
= ∇˜2φ(γ′(t), γ′(t)) + (∇˜γ′(t)γ′(t))(φ)
= ∇˜2φ(γ′(t), γ′(t)) ≥ c‖γ′(t)‖2
where the last equality holds because γ is a geodesic. Observe that the last term is a positive real constant
because ‖γ′(t)‖ does not depend on t.
Then φ(γ(t)) is a smooth real valued function which second derivative is bounded below by a strictly pos-
itive constant. Then it is not difficult to prove that if γ is defined on a interval (a,∞), then limt→∞ φ(γ(t)) =
∞. Analogously limt→−∞ φ(γ(t)) = ∞ whenever γ is defined on a interval (−∞, a). But neither of the
cases are possible if γ remain forever in U because φ is bounded there. Therefore γ must hit ∂U . 
We would like to know ifW ⊂ Ω− ω can be left without damping. If W¯ is contained in an open subset
V ⊂ intΩ with Riemannian metric G and φ : V → R is a smooth function such that ∇˜2φ(v, v) > 0 for
every v 6= 0, then W can be left without damping. In fact, we are able to find an open subset U ⊂⊂ V
containing W , φ|U is bounded, satisfies ∇˜2(φ|U )(v, v) ≥ c‖v‖2 for some c > 0 and we can use Lema 5.1
for φ|U .
A particular a common instance is the case whenW1 ⊂ V1, . . . ,Wm ⊂ Vm is a pairwise disjoint family
of compact subsets in Ω − ω, where each Wi satisfies the conditions of W of the former paragraph and
φi : Vi → R are the respective smooth functions with positive Hessian. We can choose V1, . . . , Vm such
that they are pairwise disjoint. Let Ui ⊂⊂ Vi be open subsets containing Wi. Due to the differentiable
version of the Urysohn’s lemma, there exist a differentiable function η : Ω → R such that η ≡ 1 on ∪iWi
and η ≡ 0 on Ω− ∪iUi. Now define
φ(x) =
{
η(x)φi(x) if x ∈ Vi
0 otherwise.
Then φ is a bounded smooth function which has positive Hessian in a neighborhood of ∪iWi and we have
proved the following useful result:
Proposition 5.2. Let {Wi}i=1,...,m a family of pairwise disjoint compact subsets of V − ω. Suppose that
there exist neighborhoods Vi ofWi and smooth functions φ : Vi → R with positive Hessian. Then ∪iWi can
be left without damping.
Of courseW = Ω− ω is a particular case of Proposition 5.2.
LetM be a Riemannian manifold and p ∈M . Let d : M → R be the distance function from p. Then d2
is a smooth function defined on the ball B(p, r) inside the injectivity radius of p. Moreover we can control
r such that d2 have positive Hessian on B(p, r). More precisely we have the following well theorem:
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Theorem 8 (See [18]). LetM be a Riemannian manifold, consider p ∈M and let
B(0, r) := {v ∈ TpM : ‖v‖ ≤ r}
such that the exponential map expp : B(0, r)→M is a diffeomorphism over its image. Denote byB(p, r) =
expp(B(0, r)) the geodesic ball with center p and radius r. Suppose that the sectional curvature K on
B(p, r) satisfies the inequality
K ≤ µ, µ ≥ 0,
and that
(5.16) r <
π
2
√
µ
if µ > 0. Then the square of the distance to p function d2(·, p) : B(p, r)→ R has positive definite Hessian.
We can use this theorem in order to construct Riemannian metrics on Ω such that V − ω can be left
without damping. For instance, if (q1, . . . , qd) ∈ Rd is a fixed point, then we can consider the function
d2(x1, . . . , xd) =
∑d
i=1(xi − qi)2 restricted to Ω and put a Riemannian metric with sufficiently small
constant curvature K in B(q, r) ⊃ Ω − ω such that B(q, r) satisfies the conditions of Theorem 8. Then
V − ω can be left without damping.
Example 5.1. Denote the hyperbolic plane by H2. The half plane model of H2 is given by the set R2+ =
{(x1, x2) ∈ R2;x2 > 0} endowed with the Riemannian metricGij = (1/x22)δij , where δij is the Kroenecker
delta function. The geodesics in H2 are the vertical lines and the semicircles with the origin in the x-axis.
Every geodesic is a minimizer, that is, the length of a geodesic that connects x and y is the distance between
x and y. Moreover curves that are arbitrarily close to the x-axis (for instance, geodesics inH2) have infinite
length.
Bounded domains Ω in H2 have compact closures in H2. From all these facts, it is straightforward that
every geodesic does not remain in any bounded domain.
Alternatively we could observe that H2 has constant Gaussian curvature equal to −1 and that the expo-
nential maps in H2 are diffeomorphisms expp : TpM → H2 for every p ∈ H2. Now we can use Theorem 8
in order to reach the same conclusion.
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